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Definition: 3rd-Order Tensor

An array of n X m matrices
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@ 3rd-Order Tensor Definition

Fibers:

458 TAMARA G. KOLDA AND BRETT W. BADER

(a) Mode-1 (column) fibers: x.jx  (b) Mode-2 (row) fibers: x4 (<) Mode-3 (tube) fibers: x:j.

Fig. 2.1 Fibers of a 3rd-order tensor. a

?From Bader and Kolda 2009
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@ 3rd-Order Tensor Definition

o Fibers
Slices:
(a) Horizontal slices: X (b) Lateral slices: X.;. () Frontal slices: X.x (or X)
Fig. 22 Slices of a 3rd-order tensor. 2
?From Bader and Kolda 2009
v
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Modal Operations

@ Modal Operations take Tensors to Matrices

Example: Modal Unfolding

1 2 3 4 13 14 15 16
Ai=1|5 6 7 8 A= (17 18 19 20
9 10 11 12 21 22 23 24
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Modal Operations

@ Modal Operations take Tensors to Matrices

Example: Modal Unfolding

1 2 3 4 13 14 15 16
Ai=|5 6 7 8 Ay = |17 18 19 20
9 10 11 12 21 22 23 24

1 2 3 4 13 14 15 16

Apy=|5 6 7 8 17 18 19 20
9 10 11 12 21 22 23 24
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Modal Operations

@ Modal Operations take Tensors to Matrices

Example: Modal Unfolding

1 2 3 4 13 14 15 16
Ai=1|5 6 7 8| Ay=]|17 18 19 20
9 10 11 12 21 22 23 24
15 9 13 17 21
2 6 10 14 18 22
A2=13 7 11 15 19 23
4 8 12 16 20 24
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Modal Operations

@ Modal Operations take Tensors to Matrices

Example: Modal Unfolding

1 2 3 4 13 14 15 16
Ai=15 6 7 8 A= (17 18 19 20
9 10 11 12 21 22 23 24

dm|l 2 3 4 5 6 7 8 9 10 11 12
(3~ |13 14 15 16 17 18 19 20 21 22 23 24
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Modal Operations

@ Modal Operations take Tensors to Matrices

@ Modal Unfolding Example

Definition: Modal Product

The modal product, denoted X, of a 3rd-order tensor
A € RmXmxm and a matrix U € R?*™ where J is any integer, is

the product of modal unfolding A4y with U. Such that

B=UA, =AxcU

Tyler Ueltschi April 17, 2014 Third-Order Tensor Decompositions and Their Application in Qu



Modal Operations
Higher Order SVD (HOSVD)
CANDECOMP /PARAFAC Decomposition

3rd-Order Tensor Decompositions

Modal Product

@ Modal Operations take Tensors to Matrices
@ Modal Unfolding Example
e Modal Product A x;3 U = UA(y

Example: Modal Product

<
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Modal Product

@ Modal Operations take Tensors to Matrices
@ Modal Unfolding Example
e Modal Product A x;3 U = UA(y

Example: Modal Product

1 2 3 4 13 14 15 16
=1 1 -1(|5 6 7 8 17 18 19 20
9 10 11 12 21 22 23 24

<
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Modal Product

@ Modal Operations take Tensors to Matrices
@ Modal Unfolding Example
e Modal Product A x;3 U = UA(y

Example: Modal Product

1 2 3 4 13 14 15 16
=1 1 -1(|5 6 7 8 17 18 19 20
9 10 11 12 21 22 23 24

5 6 7 8 17 18 19 20
=|-3 -2 -1 0 9 10 11 12
13 14 15 16 25 26 27 28

<

Tyler Ueltschi April 17, 2014 Third-Order Tensor Decompositions and Their Application in Qu



s Modal Operations
3rd-Order Tensor Decompositions Higher Order SVD (HOSVD)
CANDECOMP /PARAFAC Decomposition

Higher Order SVD

Definition: HOSVD

Suppose A is a 3rd-order tensor and A € R™M*™XM_ Then there
exists a Higher Order SVD such that

Ul A =SkVi (1< k<d)

where U, and V are unitary matrices and the matrix ¥, contains
the singular values of A on the diagonal, [X«]; where i = j, and
is zero elsewhere.

v
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o Higher Order SVD Definition

Example: 3rd-Order SVD

Ul A(l) = A(l) - A
U2 .A(g) = A(2) - A
U3 A(3) — ) 8

Tyler Ueltschi April 17, 2014 Third-Order Tensor Decompositions and Their Application in Qu



3rd-Order Tensor Decompositions

Modal Operations
Higher Order SVD (HOSVD)
CANDECOMP /PARAFAC Decomposition

o Higher Order SVD Definition

Example: 3rd-Order SVD

S1 =

—69.627 0.0914
—0.033 —1.0453
75x10715 19x10°15

—1.1x10"" 3.1x10°16
22x10715 —7.0x 10716
—49x10°1% _—26x10°16
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o Higher Order SVD Definition

Example: 3rd-Order SVD

[ —69.627 0.0914 —1.1x107" 3.1x10716

S = —0.033 —1.0453 22x10715 —7.0x 10716
[75x1071 19x 1071 —4.9x107 —2.6x1071°]
0.0201 2.212 —2.8x 10715 8.3x 107167

S,=| -6.723 —0.935 —42x1071% 98x 10716

52x 1071 —39x107% 32x107'® 8.8x1071°]
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o Higher Order SVD Definition

Example: 3rd-Order SVD

015(1) = SA(l) — SA

023(2) = SA(Q) — SA
033(3) = A(3) — A
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Example: 3rd-Order SVD

1.0 2.0
A=150 6.0
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@ Higher Order SVD Definition

Example: 3rd-Order SVD

1.0 2.0
A= {5.0 6.0]

A = [13.0 14.0}

17.0 18.0
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@ Higher Order SVD Definition

Example: 3rd-Order SVD

1.0 2.0
A= {5.0 6.0]
13.0 14.0
A2 = [17.0 18.0}

S:Ax1 U1T><2U2T><3U3T
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@ Higher Order SVD Definition

Example: 3rd-Order SVD

1.0 2.0
A= {5.0 6.0]
13.0 14.0
A2 = [17.0 18.0}

S:Ax1 U1T><2U2T><3U3T

.A:S><1 U1 ><2U2 ><3U3
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CP Decomposition

Definition: Rank of a Tensor

The rank of a tensor A is the smallest number of rank 1 tensors
that sum to A.
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CP Decomposition

Definition: CP Decomposition

A CP decomposition of a 3rd-order tensor, A, is defined as a sum
of vector outer products, denoted o, that equal or approximately
equal A. For R = rank(A)

R
A:Zarobroc,
r=1

and for R < rank(.A)

R
A~ E arob,oc
r=1
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CP Decomposition

Example: CP Decomposition

10 0 1
Av=1g 1| A=]|7 o
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CP Decomposition

Example: CP Decomposition

10 0 1
o] =[5

The rank decomposition over R is A = [[A, B, C]], where

10 1 101 1 10
A‘[o 1 —1]3_[0 1 1](:_{—1 1 1]

v
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CP Decomposition

Example: CP Decomposition

e s

0 1 -1 0
The rank decomposition over R is A = [[A, B, C]], where

10 1 101 1 10
A‘[o 1 —1]3_[0 1 1](:_{—1 1 1]

but over C
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.
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The Problem
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.

For matrices and vectors we have rotation matrices that will rotate

our matrix/vector around 3 axes:
cos(¢) cos(1p) — cos(#) sin(¢) sin(y)) — cos(f) cos(z)) sin(¢p) — cos(¢p) sin(¢p)  sin(P) sin(¢p)
R = |cos(¢) sin(¢) 4 cos(0) cos(¢) sin(v))  cos(f) cos(¢p) cos(v) — sin(¢p) sin(v))  — cos(¢) sin(60)
sin(6) sin(1)) cos(¢) sin(6) cos(0)
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.

For matrices and vectors we have rotation matrices that will rotate
our matrix/vector around 3 axes:

7
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.

Rotation by CP Decomposition

X — Xrot
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.

Rotation by CP Decomposition

X — Xrot

3
X =Y (3)0(b)o(q)
j=1
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The Problem

The Problem

We have a 3 x 3 x 3 hyperpolarizability tensor and need to rotate
it about 3 axes in space and there is currently no known 3rd-order
rotation tensor.

Rotation by CP Decomposition

X — Xrot

3
X =Y (3)0(b)o(q)
j=1

3
KXot = Z(Raj) © (ij) © (RCJ)

Jj=1
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Rotation by CP Decomposition

X = Xt

3
X =3 (3)0(b)e(g)
j=1

3

Xt = 3 (Ray) o (Rby) o (Re)

J=1

4
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The Problem

Rotation by CP Decomposition

X = Xt
3
X =Y (3)o(b)o(c)
j=1
3
Koot = Y (Raj) o (Rby) o (Re))
j=1

= [R31|R32|Ra3] ® [Rb1|Rb2|Rb3] ® [RC1|RC2|RC3]

4
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The Problem

Rotation by CP Decomposition

X = Xt

3
X =3 (3)0(b)o(q)
=1

3

Kot = ;(Raj) o (Rbj) o (Rej)

= [R31|R32|Ra3] ® [Rb1|Rb2|Rb3] ® [RC1|RC2|RC3]
= R[31|32|a3] ® R[b1’b2|b3] ® R[C1|C2’C3]

4
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The Problem

Rotation by CP Decomposition

X = Xt

3
X =3 (3)0(b)o(q)
=1

3

Kot = ;(Raj) o (Rbj) o (Rej)

= [R31|R32|Ra3] ® [Rb1|Rb2|Rb3] ® [RC1|RC2|RC3]
= R[31|32|a3] ® R[b1’b2|b3] ® R[C1|C2’C3]
=RA®RBG®RC

4
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